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The Effect of Phase-Difference on the Spreading Rate of a Jet

R. R. Mankbadi*
Rutgers University, New Brunswick, New Jersey

The role of initial phase-difference between fundamental and subharmonic instability waves on the spreading
rate of a circular jet under bimodal excitation is investigated theoretically. For all Strouhal numbers considered,
the initial growth rate of the subharmonic was found to be a maximum when the two waves are initially in-phase.
The effect of phase-difference on the subharmonic's peak is dependent on Strouhal number. Development of the
momentum thickness along the jet is characterized by regions of stepwise growth. The momentum thickness first
increases as the fundamental amplifies. This growth region is followed by a region where the decay of the fun-
damental and the growth of the subharmonic result in a constant momentum thickness. Once the fundamental
has fully decayed, the momentum thickness grows again as a result of the subharmonic's amplification. The
growth rate is dependent on the initial phase-difference, and is maximum when the subharmonic suffers max-
imum amplification.

Introduction

NUMERICAL simulation of vortex-pairing interactions in
two-dimensional mixing layers1'2 has shown that the pair-

ing process is dependent on the phase-difference between the
fundamental and subharmonic instability waves. The smaller
the initial phase-difference between the two modes, the faster
the coalescence of the two vortices. In the limiting case where
the two components are antiphase, the numerical results of
Patnaik et al.1 showed that the vortex-pairing interaction is
actually suppressed and replaced by shredding interactions. In
the experiment of Zhang et al.3 of a two-dimensional shear
layer under bimodal excitation, significantly different
merging patterns were observed as a result of changing the in-
itial phase-difference between the fundamental and sub-
harmonic. Monkewitz4 modified Kelly's5 temporal stability
analysis of a spatially periodic mixing layer to include an ar-
bitrary phase-difference between the fundamental and sub-
harmonic instability waves. The initial growth rate was found
to vary continuously from maximum when both waves are in-
phase, to a minimum when they are out of phase. These in-
vestigations indicate the importance of the phase-difference
on the fundamental-subharmonic interaction.

In the plane shear-layer case, Ho and Huang6 have shown
that the spreading rates can be greatly manipulated by con-
trolling the vortex-pairing process. Since this pairing process
is dependent on the phase-difference between the fundamen-
tal and subharmonic instabilities,1"5 one would expect the
spreading rate to be dependent on this phase-difference. The
present work is concerned with the technologically important
problem of a round jet where the spreading rate can be
manipulated via bimodal excitation at fundamental and sub-
harmonic frequencies. In the present analysis, the energy
equations for each flow component are used to study the ef-
fect of initial phase-differencing between the two excitation
components on their spatial developments and on the
spreading rate. In the jet mixing region, the vortex-pairing
process results in the growth of the subharmonic. The loca-
tion of pairing and, thus, of the subharmonic's amplification
depends on the random initial fluctuations at the jet exit
and, hence, on the initial phase-difference. The question
arises as to how much energy is carried by the subharmonic
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and by the fundamental. The integral technique used here is
best suited for that purpose.

Problem Formulation
Consider a circular jet with coordinates (x,r,6) in the axial,

radial, and azimuthal directions, respectively. (u,v,w) are the
corresponding velocity components. All velocities are nor-
malized by the jet exit velocity ue, and all distances are nor-
malized by the jet exit radius R. Pressure is normalized by
the dynamic head. For an axisymmetric jet, the continuity
and Navier-Stokes equations, in cylindrical coordinates, can
be written as

du 1 a
—— + — — _ (rv)=0

ox r dr

du
dx

du
~dr~

dv dv dv—— + u ——+v •
dt dx dr

P -=- [V2v-v/r2]dr Re

where

dx2 r dr \ dr (1)

Re is the Reynolds number, where Re = ueR/v and v is the
kinematic viscosity. Now, each flow component is divided
into a mean part independent of time and a fluctuating part
with zero mean, i.e.,

u(x,r,t) = u(x,r) + u(x,r,t)

v(x,r,t) = v(x,r) + v(x,r,t)

p(x,r,t) =p(x,r) +p(x,r,t) (2)

The fluctuations «, v, and p are assumed to be periodic in
time and, therefore, their time average is zero. The time
dependence of the fluctuating quantities is assumed to be in
the form (eimwt + c.c.). Here, co is the frequency and is taken
to be real, m is an integer, and c.c. or an asterisk denote a
complex conjugate. Substituting Eq. (2) into Eq. (1) and
averaging over time, one obtains the mean-flow momentum
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Subtracting Eq. (3) from Eq. (1), the continuity and momen-
tum equations of the fluctuations are obtained in the form:
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The energy equation for the mean flow is obtained by
multiplying each mean-flow momentum equation by the cor-
responding velocity and adding

—— [ u ( u 2 + v2)/2] +—— — [ r v ( u 2 + v2)/2]
dx r dr
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Now, each fluctuating quantity is decomposed into two fluc-
tuation components: u{ and «/', where u{ - (e/co' + c.c.) and
u.* ~ (e2/"' + c.c.). Thus,

Hence, u" and p" are the fundamental's components and
u{ and p' are the subharmonic components. The energy
equations for the subharmonic and the fundamental are ob-
tained by multiplying Eq. (4) by u{ and u" , respectively,
and taking the time average. Thus, for the subharmonic, we

(6)

And a similar equation is obtained for the fundamental. For
high Reynolds numbers, the boundary-layer-type approxima-
tions can be applied to mean quantities. These approxima-
tions imply v<u, d( ~ )/dx<d( )/dr. Applying these ap-
proximations to the energy equations and integrating over r,
one obtains the following energy equations for the mean
flow, the fundamental, and the subharmonic, respectively:
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This set of equations (7) represents the energy exchanges be-
tween the three flow components. In the integral energy ap-
proach, the unknowns may be approximated by few shape
parameters which, in turn, will be determined by the integral
equations. The mean-flow shape is taken here as the two-
stage hyperbolic tangent profile introduced by Michalke,7

which describes the flow in the initial region of the jet. The
mean velocity profile is given in terms of r and 6 ( x ) , where 6
is the momentum thickness to be determined from the non-
linear analysis. As in Refs. 8 and 9, the shape functions for
the fundamental and subharmonic components are deter-
mined via the local linear stability analysis. The subharmonic
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Fig. 1 Effect of ^o on the energies of the fundamental and sub-
harmonic and on their effective phase-difference at Sf = 0.2: a) fun-
damental's energy; b) subharmonic's energy; c) effective phase-
difference.

and fundamental components are assumed to be in the form:

[u',v',p'] = F' (x) [ u ' ( r ) , v r (r),pf (r)]exp( -iut) +c.c.

",v",p" ] =F" (x) [u" (r),v" (r),pH (r)]

x exp ( — 2ia)t + i\l/0) + c.c. (8)

where \l/0 is a prescribed initial phase-difference between the
fundamental and the subharmonic. F' and F" are the
amplitude functions which, to a first approximation, are
given by the local linear stability theory in which
dF(x)/dx = iaF(x), where a is the complex wave number
corresponding to the frequency. Subsequently, F(x) will be
determined by the nonlinear analysis. u ( r ) , v ( r ) , and p ( r )
are obtained from linear stability theory, where the nonlinear
terms are neglected in Eq. (4) and the Reynolds number is
assumed to be large enough for the inviscid solution to be a
good approximation. The solution of the linear stability
problem follows Michalke's7 formulation for the amplified
solution. Beyond the neutral point, the damped solution is
obtained by taking the problem of the complex r plane and
following a rectangular contour of integration, as in Ref. 10.

Since the mean velocity profile is a function of 6 ( x ) , the
linear stability solution is obtained for several downstream
stations. Thus, M, v, p, and a are obtained as the eigen-
functions and eigenvalue corresponding to a given frequency
at a certain axial location (x). These eigenfunctions are nor-
malized such that [F(x)]2 represents the energy integrated
across the jet. Substituting these shape functions in Eqs.
(7a-7c), the energy equations for the mean flow, the fun-
damental, and the subharmonic, respectively, reduce to

dO
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S is the Strouhal number defined as fd/ue, where d is the
nozzle diameter and/is the frequency in Hz (/"=co/2?r). \l/f
and \[/s are the phase angles of F" (x) and F' (x), respec-
tively. The first and second terms in Eq. (9a) represent the
productions of the fundamental and subharmonic, respec-
tively, by the mean flow. The second term in Eqs. (9b) and
(9c) is the energy exchange between the fundamental and the
subharmonic. This fundamental-subharmonic interaction is
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dependent on the effective phase-difference. \l/ = 2\l/s — \^f
-\l/0. The last terms in Eqs. (9a-9c) are the viscous dissipa-
tion by the mean flow, the fundamental, and the sub-
harmonic, respectively. Nikotopoulos and Liu11 have in-
dicated that for Reynolds numbers greater than 100 these
viscous dissipations are negligible. Since attention is focused
here on the high-Reynolds-number case, these viscous terms
will be neglected in the subsequent calculations. However,
for Reynolds numbers greater than 105, the length scales
become very small and the turbulence effects cannot be ig-
nored. Therefore, the present analysis is valid for Reynolds
numbers of 100-100,000. For a given frequency and i^0, the
solution of Eqs. (9) is subject to the initial conditions of
0(0) = 00, £>(0) = EJV, and ES(Q) = E50.

The solution of Eqs. (9) is dependent on //5, which, in
turn, is dependent on the phase-difference ^0, as well as on
the downstream variation in the phase angles, \l/s and i/y. The
equations governing the nonlinear spatial development of the
phase angles are obtained as follows. For the subharmonic,
the momentum equation (4) of the fluctuation is multiplied
by F'*(x)u'*(r)exp(iut) and by F' (x)uf (r)exp( -/otf),
and the two resulting equations are subtracted. After taking
the time average of the resulting difference equation and ap-
plying the boundary-layer-type approximations used in deriv-
ing Eqs. (9), the following equation is obtained after in-
tegrating over r:

17

where

u f * v f ——
dr

rdr

(lOa)

Equation (lOa) describes the nonlinear variation in the phase
angle of the subharmonic. The corresponding equation for
the fundamental is similarly obtained in the form:

dx
(lOb)

The solution of Eqs. (10) is thus subject to the initial value
of the phase-difference ^0, and is coupled to Eqs. (9)
through Es(x) and E f ( x ) .

Results and Discussion
Equations (9) show that the effective fundamental-sub-

harmonic interaction term is dependent on \[/. For \j/ = Q or TT,
only the real part of Iw contributes to the interaction pro-
cess, and the sign reverses between \l/ = 0 and TT. For \l/ = ir/2
or 37T/2, only the imaginary part of Iw contributes to the
fundamental-subharmonic interaction process, with the sign
reversed between ^ — -K/2 and 3?r/2. Since \l/ is dependent on
the initial phase-difference \J/0, the solution of Eqs. (9) and
(10) is, in turn, dependent on \l/0. To study the effect of \[/0
on the vortex-pairing process, Eqs. (9) and (10) are solved
for several Strouhal numbers at \I/Q = Q, ^/^ ^» and 3ir/2.
The initial conditions for the solution of Eqs. (9) and (10)
are taken as 00-0.006, ^^lO"6, and £50 = 10-8, which
correspond to excitation velocities of 0.1% ue and 0.01% ue,
respectively.

For S/<0.4, the fundamental-subharmonic interaction
process was found to be insignificant, as Fig. 1 indicates for
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Fig. 2 Effect of ^0 on the energies of the fundamental and sub-
harmonic and on their effective phase-difference at 5y = 0.6: a) fun-
damental's energy; b) subharmonic's energy; c) effective phase-
difference.

Sf = 0.2 (SS = OA). For Strouhal numbers ^ = 0.6, 0.8, 1.0,
and 2.4, the energies of the fundamental and subharmonic
and the effective phase-difference \l/ are shown in Figs. 2-5,
respectively. The figures show that \I/Q has a pronounced ef-
fect on the interaction process. Figures 2a-5a indicate that
the growth of the fundamental is independent of ^0, which is
consistent with the observations of Zhang et al.3 for a two-
dimensional shear layer. During the decay stage of the fun-
damental, \!/Q has a pronounced effect on accelerating the
decay of the fundamental. This damping effect is propor-
tional to the subharmonic's amplification and, therefore, is a
result of the extraction of the fundamental's energy for the
growth of the subharmonic.

Figures 2b-5b show that the initial phase-difference has a
significant effect on the growth of the subharmonic. Close to
the nozzle exit, the subharmonic's initial growth rate is
enhanced if \!/Q is zero, i.e., if both waves are in-phase, and is
minimum if \l/0 is close to TT, i.e., out of phase, for all
Strouhal numbers considered. However, the subsequent
downstream effect of \l/0 on the development of the sub-
harmonic is dependent on the Strouhal number. An initially
higher growth rate at \l/0 = 0 will result in a higher level of the
subharmonic close to the nozzle exit. However, this will lead
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Fig. 3 Effect of ^0 on the energies of the fundamental and sub-
harmonic and on their effective phase-difference at 5y = 0.8: a) fun-
damental's energy; b) subharmonic's energy; c) effective phase-
difference.
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Fig. 4 Effect of i^0 on the energies of the fundamental and sub-
harmonic and on their effective phase-difference at Sy = 1.0: a) fun-
damental's energy; b) subharmonic's energy; c) effective phase-
difference.

to enhancing the mean-flow energy drain for the initial
growth of the subharmonic. Consequently, less mean-flow
energy is available for the subsequent downstream growth of
the subharmonic along the jet. Therefore, although the in-
itial growth rate of the subharmonic is maximum when the
two waves are in-phase, the subsequent peak of the sub-
harmonic can be maximum at other values of \l/0, depending
on Strouhal number.

The initial region of a round jet close to the nozzle exit is
similar to the two-dimensional shear-layer case. Therefore,
some of the features obtained in Figs. 2-5 can be qualita-
tively compared to those of the two-dimensional shear layer.
Zhang et al.3 forced a mixing layer at both the fundamental
and subharmonic frequencies. The measured subharmonic's
initial growth rates were found to decrease by as much as
30% when \l/0 was varied between 0 and TT, see Figs. 2b-5b.
This effect can also be seen in the numerical results of Pat-
naik et al.1 and Riley and Metcalfe2 for the stratified mixing
layer case. Using the integral approach, Nikotopoulos and
Liu11 have also shown that, for a plane shear layer, the
larger the phase-difference, the smaller the subharmonic
peak.

In the present model, the mixing rate of the jet is governed
by the mean-flow energy drains of the fundamental and sub-
harmonic, The momentum thickness 8 is taken here as the
measure of the jet's spreading and mixing. The development
of 8 is governed by Eq. (9a), which shows that, with Icm <0,
the jet spreads as long as energy is drained for the growth of
the fundamental or the subharmonic. Thus, the growth rate
is proportional to Ef and Es, while Ipf and Ips represent the
efficiency of each component in extracting energy from the
mean flow. The development of the momentum thickness
along the jet is shown in Figs. 6-10 for 5y = 0.2, 0.6, 0.8,
1.0, and 2.4, respectively. In the initial region of the jet, the
level of the fundamental is much higher than that of the sub-
harmonic. Therefore, the initial growth of the jet is governed
by the amplification of the fundamental. The growth rate in-
itially increases as Ef increases, and then levels off as Ipf
decreases. Ipf is calculated here based on the linear stability
theory in which the amplification rate decreases as the
momentum thickness increases. At some downstream sta-
tions, the amplification rate is negative corresponding to a
damped solution and, hence, Ipf is negative. Therefore, after
an initial growth region, the growth rate is almost zero where



1946 R. R. MANKBADI AIAA JOURNAL

the fundamental decays and the subharmonic amplifies. As
the level of the subharmonic becomes large, its role in in-
creasing the spreading rate becomes significant, as indicated
in Figs. 9 and 10. Since the growth of the subharmonic is
dependent on the initial phase-difference ^0, the spreading
rate is in turn dependent on i/^. The higher the level of the
subharmonic the higher the spreading rate.

In order to compare the predicted effect of \I/Q on the
spreading rate with experimental observations, data where
the initial phase-difference is controlled should be used.
However, in the currently available experimental data for a
circular jet under excitation, only the fundamental is con-
trolled. Therefore, \I/Q is an arbitrary function of the ex-
perimental facility. Under such conditions, one can assume
that the measured data corresponds to the optimum ^0,
which produces maximum amplification of the subharmonic.
The predicted growth of the jet at maximum amplification of
the subharmonic at Sf = 2A is shown in Fig. 11 and com-
pared with the data of Ref. 12. The abscissa is normalized by
X0, where X0 is the initial wavelength of the fundamental
equal to Cd/Sf, and C is the initial nondimensional convec-
tion velocity taken to be equal to 0.5, as in the experiment.
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Fig. 5 Effect of ^0 on the energies of the fundamental and sub-
harmonic and on their effective phase-difference at Sy = 2.4: a) fun-
damental's energy; b) subharmonic's energy; c) effective phase-
difference.

The figure shows qualitative agreement between theory and
observations. The growth rate can be divided into several
stages: an initial growth stage corresponding to the
amplification of the subharmonic, a constant 6 stage where
the fundamental is decaying, follwed by a second growth
stage where the subharmonic is amplifying. Reynolds and
Bouchard's13 measurements of the volume flux of a circular
jet under excitation at 5^ = 2.1 have shown the same
qualitative behavior as that of the momentum thickness
shown in Fig. 11. This stepwise growth behavior has been
discussed in detail in Ref. 6 for the two-dimensional shear-
layer case.

In the initial region of the jet, the level of the subharmonic
can be considered small with respect to that of the fun-
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Fig. 6 Development of momentum thickness at Sf = 0.2.
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Fig. 11 Comparison of predicted momentum thickness and Laufer
and /hang's measurement.12

damental. Hence, the initial growth of the fundamental is in-
dependent of the subharmonic as shown in Figs. 1-5. In this
case, the second term on the right-hand side of Eq. (9b) can
be neglected. In order to examine the mechanisms governing
the amplification of the subharmonic, the nonparallel flow
effects are neglected for the moment. Hence, the integrals in-
volved in Eqs. (9) and (10) are considered to be independent
of 6. Under such approximations, \l/ = \l/0

 an^ the fundamen-
tal and subharmonic components are given by

sx/Ics )exp [^ x) ]

where

a2=Y2(Ipf/Ics) (11)

Thus, the growth of the subharmonic is due to two instabil-
ity mechanisms: one arising from the mean-flow profile, and
the second arising from the amplified fundamental. Inter-
preting a spatially periodic mixing layer as the fundamental,
Kelly5 considered the temporal instability of the sub-
harmonic for parallel flow and obtained:

dB
~d7

- = CAB*

which gives

\ B ( t ) \ = \B(0)\Qxp(Mt)

(12a)

(12b)

where B = E* and A=Ef in the present nomenclature.
Monkewitz4 extended Kelly's5 analysis to include an ar-
bitrary phase-difference between the fundamental and the
subharmonic, and concluded that an arbitrary initial phase-
difference leads to transients with two angles where the
growth rate of the subharmonic is initially increased or
decreased depending on i//0. For ^0 = 0, Monkewitz4 obtained
Kelly's5 result, however, for \l/0 = TT, he obtained

\ B ( t ) \ = LB(0)lexp(-M/) (13)

If one follows the assumption of Kelly5 and Monkewitz4 in
considering the growth of the subharmonic resulting from
the fundamental alone, i.e., Ips=09 and considers the
amplitude of the fundamental to be constant, i.e., Ipf = 0,
Eq. (11) reduces to

for ^ =

for

(14a)

(14b)

Equations (14a) and (14b) are equivalent to those of Kelly
[Eqs. (12)] and Monkewitz [Eq. (13)], respectively, with x
replacing t, and M=IWE% /Ics.

While Kelly5 and Monkewitz4 do not consider the in-
fluence of the subharmonic on the fundamental, the present
analysis allows the subharmonic to react nonlinearly on the
fundamental through the second term in Eq. (lOb). In the
present analysis, the growth of the fundamental due to the
subharmonic is given by

dEf/dx= - cf (15)

Equation (15) is equivalent to the form obtained by
Maslowe,14 Kelly,15 and Weissman16 for stratified shear
layers in the temporal case. The present inclusion of the sub-
harmonic's effect on the fundamental allows the sub-
harmonic to alter the decay rate of the fundamental, as
shown in Figs. 2-5.

Conclusions
Using the nonlinear energy integral technique, the effects

of initial phase-difference between fundamental and sub-
harmonic instability waves on their spatial developments and
on the spreading rate of a laminar circular jet were in-
vestigated. The results presented are for the limiting case of
high Reynolds numbers where the viscous terms can be
neglected. For all Strouhal numbers considered, the initial
amplification rate of the subharmonic was found to be max-
imum when both waves are out of phase, and minimum
when the two are in-phase. However, the effect of this initial
phase-difference on the subsequent downstream peak was
found to vary with the Strouhal number.

With the role of the initial phase-difference on the growth
of the subharmonic now established, one can conclude that
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the jet instability acts as an amplifier not only with respect to
selective frequencies, but also with respect to selective phase-
differences between the fundamental and the subharmonic.
In natural, uncontrolled conditions, several subharmonic
components at a given frequency can exist with several ran-
dom phase-differences with respect to the fundamental. The
mean flow acts as a first amplifier that will amplify or sup-
press the subharmonic depending on its frequency. The fun-
damental instability wave associated with the mean-flow
profile then acts as a second amplifier that will amplify or sup-
press the subharmonic depending on its arbitrary phase-
difference with respect to the fundamental. For a given fre-
quency, the most amplified subharmonic is thus the one with
the proper phase-difference. This can be the cause of the
observed jitter in the location or strength of pairing. If the
random subharmonic component at the nozzle exit is at the
proper phase-difference, it will produce strong pairing at some
downstream stations. If the phase-difference is not the op-
timum one, the strength of pairing will be reduced and its loca-
tion will be altered. Thus, in a circular jet under bimodal ex-
citation, where the initial phase-difference can be controlled,
one can manipulate the mixing rate by controlling the initial
phase-difference between the two excitation modes.
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